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Abstract 

We construct the colliding plane wave solutions in the higher-dimensional gravity theory with 
fluxes and dilaton, with a more general ansatz on the metric. We consider two classes of solutions to 
the equations of motions and after imposing the junction conditions we find that they are all physically 
acceptable. In particular, we manage to obtain the higher-dimensional Bell-Szekeres solutions in the 
Maxwell-Einstein gravity theory, and the flux-CPW solutions in the eleven-dimensional supergravity 
theory. All the solutions have been shown to develop the late time curvature singularity. 
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1 Introduction 



The colliding plane wave solutions (CPW) have been an important topic in the classical general relativity. 
They are the exact solutions describing the collision of plane wave in a flat background. In the four- 
dimensional gravity theory, the study of CPW solutions started from the early 1970sPE]. Since then, 
many exact CPW solutions have been constructed. For a thorough review on the four dimensional 
CPW solutions, see 0. One remarkable feature of CPW solutions in four dimension is that they always 
develop a late time curvature singularity 01 E]. This fact could be considered as an inevitable effect of 
the nonlinear gravitational focusing. However, the initial background could play an essential role too. 
In it has been shown that in the case that the initial background is expanding, the focusing effect 
of the nonlinear interaction between the waves could be weakened by the expansion so that no future 
singularity occurs. It has been expected that the study of the CPW solutions may tell us the nature of 
the space-time singularity. Also, it has been proposed that the gravitational plane and dilatonic waves 
could play an important role in the pre-big-bang cosmology scenarios [3 IE) • 

It is very interesting to study the colliding plane wave solutions in the higher dimensional gravity 
theory. One reason is that we may live in a higher dimensional spacetime and we have string/M theory in 
lOD/llD as a candidate to describe the world. The higher dimensional gravity theory with dilaton and 
various fluxes could be taken as the low energy effective action of the string theory. It has manifested 
some different features from the four dimensional gravity theory. For example, it has been found that 
the uniqueness and stability issue in higher dimensional black holes are more subtle [H] and there exist 
the black ring solution with horizon topology x S'^ in five dimensional gravity ^21- Therefore, we can 
wish that the study of CPW solutions reveal some new features of the higher-dimensional gravity theory. 
On the other hand, due to the existence of the dilaton and the various fluxes, the CPW solutions in 
the theory have richer structure. There have been some efforts in this direction. In the 
CPW solutions in the dilatonic gravity, in the higher dimensional gravity, and in the higher dimensional 
Einstein-Maxwell theory have been discussed. In ^1], Gutperle and Pioline tried to construct the CPW 
solutions in the ten-dimensional gravity with the self-dual form flux. However, their solutions failed to 
satisfy the junction condition and are physically unacceptable. 

To study the coUinear CPW solutions in the higher dimensional gravity, one could make a quite 
general ansatz 

fc 

ds^ = 2e-^'dudv + ^e^'dx^ (fc > 3) (1) 

i=l 

where M, Ai are only the function of u, v. Obviously, with such a generic ansatz, it will be very difficult 
to solve the equations of motions. In [Ifil we have assumed A = Ai^i = I,-- -,71(71 < fc) and 
B = Ai, i = n + 1, - ■ ■ ,k so that 

n k 

ds^ = 2e-^'dudv + ^ dxj + X! '^Vj (2) 

i—l j—n+1 

to simplify the equations and tried to find the flux-CPW solutions with dilaton. In we managed 
to find two classes of 1-flux-CPW solutions satisfying the junction conditions: (pq™)-type and (/ ± g)- 
type. The (j>g7'w)-type solutions look like the Bell-Szekeres solution, which appeared in four-dimensional 
Einstein-Maxwell gravity^!]. The (/ ± 17) type solutions is a new kind of solutions. Unfortunately, we 
also noticed that with metric (0) , it is impossible to have well-defined CPW solutions if we turn off the 
dilaton. More precisely, we found no higher-dimensional BS solution in Maxwell-Einstein gravity and 
no pure flux solution in eleven dimensional supergravity which has no dilaton. In other words, the only 
pure flux-CPW solution could only be four-dimensional BS solution. Nevertheless, with dilaton turning 
on, there always exist well-defined physical fiux-CPW solution. In J^Ij we generalized the discussions on 
flux-CPW solutions to the case with two complementary fiuxes. We found that the (pqrw)-type solution 
is still physically well-defined but (/ ± g)-type solution failed to satisfy the junction conditions. 
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In this paper, in order to investigate the flux-CPW solutions more carefuUy, we go a little further and 
try a more complicated ansatz: 



n m I 

ds^ = 2e-^'dudv + ^ dxj + ^ dy^^ + ^'^ H '^^fe' 

i=l j=l k=l 

With this ansatz, we will find that the equations of motions are still exactly solvable. And generically 
we will have physically acceptable solutions after imposing the junction conditions. We will work on a 
dilatonic gravity theory with two fluxes, which could be reduced to other cases easily. Remarkably, we 
notice that the higher-dimensional pure 1-flux-CPW solutions do exist, with the above metric ansatz. 

We organize the paper as follows. In section 2, we derive the equations of motions of the system and 
simplify them by changing variables and using (/, g) coordinates. In section 3, we construct the physical 
CPW solutions taking into account of the junction conditions, and discuss the future singularity issue in 
these solutions. In section 4, we turn to several interesting special cases. In particular, we consider the 
one-flux case, which has been probed in |lfi| . We end the paper with some discussions and conclusions. 

2 Equations of Motions and Their Reduction 

To keep the problem as generic as possible, we start from a dilatonic gravity theory with two fluxes, 
whose action take the form 

<i-.^9 {r - nc^d.^ - - ^(J:^.^''^') • (4) 

Here, Z? > 5 is the dimension of spacetime, </> is the dilaton field with a and b being dilaton coupling 
constant, and F, G are two fluxes. The action could be obtained from the low energy effective action of 
string/M theory with speciflc flux conflgurations in the Einstein frame. The equations of motions are 
given by 

2n\ y f [n+l){m + n + l) 

2m! \ [m + l)(in + n + 1) J 

9^ = (6) 

^^V^e^'^G""! (7) 

1 



\/—g 4(n + lj! 4(m-|-lj! 

Also to keep the problem workable, we assume that the fluxes lie along XiS and ?/j's respectively 

^ UXi...Xn ^ VXi...Xn 

Guyi...yjn Gyy^__y^^ Fy . (9) 

In we consider the two complimentary fluxes which occupy the whole spacetime. Here we have 
additional transverse dimensions. If we let some fluxes or dilaton field vanish, the system can reduce to 
some interesting special cases, such as one flux case, pure dilatonic case et.al, which is the subject in 
section 4. One special case is the gravity coupled 1-flux without dilaton, when we turn off the dilaton 
and let one flux vanish. In eleven dimension, the study of CPW solutions in such gravity theory may 
effectively describe the CPW solutions in IID supergravity. Recall that in the bosonic part of IID 
supergravity action, we have no dilaton but we have a A3 A F4 A F4 term, where A3 is the antisymmetric 
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3-form tensor gauge field and F4 is its field strength. However, with the above assumption on the flux, 
the extra term does not contribute to the action and the equations of motions. In this sense, the CPW 
solutions in IID supergravity could be effectively studied from the action after reduction. 
In components, the Einstein equation take the forms 

nA^u+mBuu+lCuu+MuinAu+mB^+lCu) + ^{nAl+mBl+lCl) = -2,/)2 -e'^'^-"^i^2_gb0-™s^2 ^^q) 
nA,^+mB^,+lCy,+M,inA,+mB,+lC,) + ^{nAl+mBl + lC^) = -2q^l-e''^-'''^Dl-e''^-"'^ (11) 



n , m 



itti T- ~Cuv H '{j^A^^Ay + niB^By + ICuCv) — ^ 



2 4 

n — m — I 
2{n + m + l)' 



acjy—riA 



DuD, 



m — n — I 
2{n + m + l) 



2m 



2Auv~\-nAuAy-\- — (AiiBy-\-AyBu)-\- — {AuCy-\-AyCu) — ' ' — -e"''^ "^Z?„Z?^-, 

2 2 n + m + 1 n + m + l 



Tl I 

2Buy +mBuBy + — {AuBy +AyBu) + — {Bu Cy +ByCu) 



2n 



2n 



Tl Tn 

2Cuy+lCuCy + — {A^Cy-i- AyCu)-\- — {BuCy-\- ByCu) = , , , 

2 2 n + m + l 



(12) 
(13) 

^a4>-nA-p. p. 2{n + l) M-niBj^ rp 

n + m + l 

(14) 



'DyDy 



2m 



n + m + l 



(15) 

Here, as usual, the equation 1)12(1 is redundant and will not be needed in the following discussion. The 
equations of motions for the dilaton and n-form, m-form potential are given by 



2D„ 



2Eu 



a0 - - {nA - mB ~ IC) 



-{nA-mB + lC) 



Let us introduce 



Dy 



Ey 



a(/) - - {nA - mB - IC) 



1 



{nA -mB + IC) 



Eu = 



hnA + mB + lC)y<Py = '^e'^^'^^D^Dy + -e''*-^'' EyEy 
4 4 4 



(16) 

(17) 
(18) 



U = ]^{nA + mB + lC) 



V ^ ^{nA-mB-lC) 



W ^ -{nA - mB + IC) (19) 



to rewrite the above equations. From the equations p 3114115(1 . we have 

UuV + UuUy=0 



(20) 



and 



Vuy + -{UuVy + UyVy) = 
Wuy + ^{UyWy+UyWu) = 

The Eg. 1(20(1 has the well-known solution 



n{m + l) ^^^_„Ar, n "ir. ^b^„,„B 

m + n + I m + n + I 

m + n + I m + n + I 



E„E„ 



(21) 
(22) 



C/ = log [/(..) +5(z;)]. 



(23) 



where /, g are arbitrary functions, chosen usually to be monotonic functions. One can treat (/, g) as 
coordinates alternative to {u,v). It turns out that it is more convenient to work in (/,(?) coordinates. 
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Moreover, the equations H1U|) and become 



Uu 



1 f m + n^^y 
Uf, 



—^wl + -UuVu 

ml n 



-UuWu 



WuVu = - 



-2' 



a4>-~nA jj2 



-mB rp2 



K (24) 



-MM^ + - 



1 f m + n_^^^ 
U 



In 



ml 



n m I 



1 



a(h—nA j^l 



1 



2 



and the equations (|16|l . 1)17(1 and H18|l read 

2Eu, + (60 + W)uE, + (&0 + W\Eu 








(25) 



(26) 
(27) 



+ T:{Uu(t)v + Uv4>u) 



,a<p-U-V 



DuD, 



— e 

4 



EuEy 



Now we can define 



w 



al + {a + b)n_^ bl + {a + b)m 



Anl Ami 
and in terms of (/, g) coordinates, the equations ((21I22I26I27I28|I are of the forms 



W 



(28) 



(29) 



if + g)Xfg + -Xf + -Xg 



if + 9)Yf, + lYf + ^Y, 

2Dfg + XfDg+X,Df 
2Efg + YfEg + YgEf 



a" 
T 
ab 
T 



m + n + l J \ A m + n + l 



'EfEg (30) 



m + n + / 



6^ ^ m(n + Z)) 
4 



+ ( ^ + ^^^^ ] e-E,E, (31) 



m + n + ^ 



= 
= 

= 



(32) 
(33) 

(34) 



There exist a large class of solutions of the equation H34|l'!?,'17'. which is of the form of the Euler-Darboux 
equation. We are not going to discuss all these solutions here. Instead, we just focus on the well-known 
Khan-Penrose-Szekeres solution: 



Z = Ki log ■ h K2 log ■ 



W + p 



' r + q 



(35) 



The equations 13013 1I32I33() are coupled differential equations, which may be taken as a generalized Ernst 
equations. We will make ansatz and solve these equations in the next section. 
The equations HlOlllll can also be simplified to 



Sf + if + g) 
Sg + if + g) 



Yl^wl^iv^-Wfl 

An Am Al 
An Am 



Al 



by introducing 



-e^D'' + -e^E^ 
2 9 2 3 



= 



= 



S = M-{l-5) log(/ + g)+ logifugv) + " 



(36) 
(37) 

(38) 
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with 

5=^. (39) 



Once we solve the X, Y, Z,D, E, we can use the relation 

AmnlZ + m{al + (a + b)n)X + n{hl + (a + b)m)Y 



a 



(40) 



^ 4TOn/(aZ-X)+n(W + (a + 6)TO)(ar-6X) ^^^^ 

a 

^ _ 4TOn;(y-&Z)+TO(a; + (a + 6)n)(ay-6X) 

a 

to get W, where 

a^mn{a + hY + l{ma^ +nb^ + 'imn). (43) 

With (/), y, one could integrate H36I37|I to get S and then M so as to obtain all the metric components. 
At the first looking, the three relations on 0, V, W are quite involved and the integration on S seems to 
be a forbidden task. Nevertheless, with the solutions we will discuss in this paper, we succeed in getting 
the exact metric components. 



3 Physical CPW Solutions 

In the study of the collision of the gravitational plane waves, one usually divides the spacetime into four 
regions: past P-region(u < 0, w < 0), right R-region(u > 0,f < 0), left L-region(M < 0,w > 0) and future 
F-region(u > 0, w > 0), which describes the flat Minkowski spacetime, the incoming waves from right and 
left, and the colliding interaction region respectively. The general recipe to construct the CPW solutions 
is to solve the equations of motions in the forward region and then reduce the solutions to other regions, 
requiring the metric to be continuous and invertible in order to paste the solutions in different regions. 
More importantly, one need to impose the junction conditions to get an acceptable physical solution. 
In this section, we try to find the solutions to the equations of motions in the forward region and then 
reduce them to other regions and impose the junction conditions to get the physical CPW solutions. 



3.1 Solutions to the Equations of Motions 

As we mentioned, there exist a large class of solutions to the Euler-Darboux equation H34|l . And for 
the coupled differential equations H30I33|1 . if we assume that Xf — Yf,Xg = Yg and D (x E, then the 
equations could reduce to the ones in 1-flux case^Hli which are related to the Ernst equation. We will 
focus on two kinds of solutions of (|30I33|I : one is {pqrw)-type and the other is (/ ± g)-type. 

• (pqrw)-type (BS type) solution: 



Let us make the following ansatz: 

rw+pq rw+pq 

X ^ - log ci r = - log C2 (44) 

rw — pq rw — pq 

D = 7i • {pw — rq) E = j2 ■ (pw — rq) (45) 

where 

^^=\/F^ '?^=vf^ "^=vf+^ «^:=vl+5. (46) 
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Note that there seem to be two free parameters ci, C2 in X, Y , however, the continuity condition on 
the metric in four patches restrict ci ~ C2 ~ I. And the equations require 

(47) 
(48) 



2 b{b - a){m + n + I) + Am{2n + I) 
7i =2 



7l 



a{a - h){m + n + l) + An(2m + I) 



a 



After a straightforward but tedious calculation, we obtain 



Sf + U + g) 



Amnl 



a 



« / 



J 



and the similar relation to Sg. After integration over / and g, one has 
S = 6ilog(l-2/)(l + 2.g) + 62log(l + 2/)(l-2,g) 



where 



+&3 log(/ + g) + ^4 log(l + 4/5 + V(l-4/2)(l-452)) 
7i + 72 4:mnlK,l 



hi = 

h = 
64 = 



8 a 
7i + 72 4mn/ 



(ki + K2)'' 



8mnlKiK2 



(49) 

(50) 

(51) 
(52) 
(53) 
(54) 



and then the metric and the dilaton is given by 

e-'' = /„5.[(l-2/)(l + 2.9)]-^M(l + 2/)(l-2.9)]-''M/ + .g)-''3-i+^ 



[1 + 4/(7 + Apqrw] 



nA 



„mB 



JG 



where 



if + 9) 
if + 9) 



w — p 
w + p 

w — p 
w + p 



Si 



w ~ p 
w + p 

w — p 
w + p 



-64 ( rw+pq 
rw — pq 

K.2 



r + g 



r ^ q 
r + q^ 

-4,7nnHa + b) 



r — q 



r — q 



w — p 
w + p 

rw + pq 
rw — pq 

rw + pq 



rw — pq 

S4 



r — q 



rw + pq 



rw + pq 
rw — pq 



rw — pq 



l{a - bY + - a2)(m - n) + Al(m + n) 
'hi 



52 = -[{b - a){bl + [b + a)m) + Ami] 

a 
m 

53 = —[{a~b){al + {b + a)n)+'inl] 

a 

54 = [{a — b){raa — nb) + %mn] 

a 

55 = [l{ma + nb) + 2mn{a + b)] 



(55) 
(56) 
(57) 
(58) 
(59) 

(60) 
(61) 
(62) 

(63) 
(64) 
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Therefore we have a two-parameter family of solution labelled by ki , K2 . 
• (/ ± g)-type solution 

As the flux-CP W solution with metric ansatz (0) discussed in |16[ I19| . we may assume that X,Y 



is the function of (/ + g) and D, E is the function of (/ — g). The equations (|^{2I33|I tell us 

^ = 71 • (/ - 5) S = 72 • (/ - 5) 

for some constants 71,72- And (25), (26) can be solved by 



where 



X = 

Y = 

ai = 

012 = 



-log 
-log 



(^cosh^ 

(^cosh^ 
a2 



{ci log 


C2 




/ + 


.)] 


{ci log 






/ + 


.)] 



2c\[b{b - a){m -f- n + + 4TO(2n + ;)] 



"7? 



2c^[a(a - 6)(m + n + /) + 4n(2m + /)] 



"71 



After integrating / and 5, one can read 

5 = 61 log(l - 2/) (1 + 2.9) + 62 log(l 2/) (1 - 2.9) + 63 log(/ + g) 
+64 log(l + 4/.g + V(l-4/2)(l- V)) + 65 log cosh f ci log 



where 



hi 
b2 

b5 



(ai7? + q;27|)(4c^ -fl) ^mnl 



8c2 



(ki -I- ^2)^ 



8mnlKiK2 



ai7i + "272 



2c2 



And the metric components and the dilaton follow 



-M 



tofu9v [(1 - 2/)(l + 2.9)]-''^ [(1 + 2/)(l - 2g)]-"^ (/ + .9) 



-62 



(65) 

(66) 
(67) 

(68) 
(69) 



(70) 

(71) 
(72) 
(73) 
(74) 
(75) 



cosh ci log 



C2 



1 -H 



f + 9, 



if + 9) cosh ci log 



C2 



/ + 5 



[1 + 4/9 + 4p(7rii;] 



w — p 



w + p J \r + q 



r — q 



tiif + 9) 
t2{f + 9) 



if + 9) cosh^ [ci log 
(/ + 9) cosh^ ( ci log 



C2 



/ + .9 

C2 

/ + 5 



w — p 



w + p J \r + q 



r — q 



w — p 



w + p J \r + q 



r — q 



(76) 
(77) 
(78) 
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JC 



,-1.-1 

Ij '•2 



(/ + 9) cosh ci log 



C2 



/ + 5 



S4 


















+9/ J 



(/ + 3) cosh ci log 



C2 



/ + 5 



, ^1 / \ ^2 



w + p J \r + q 



(79) 
(80) 



where s^'s are the same parameters above and 



= 
I — ' 



4n^-a((b-a)i + (a + ^l)(,T.-,^)) 



^2 = a 



mb 



ii + (a+6)Ti 



^ 4nl + a(ai + (a + h)n) 



a. 



ai + (a + b)Ti ^ bi + (a + b)n 



After imposing the continuity condition on the metric, one get quite involved constraints on 
ci , C2 , ai , q;2 . One can choose C2 = and simplify the constraints to be ai = a2 = 1 , which lead to 
ti = 1 for i = 0, • • • , 3 and the relations among and 71, 72- In short, we have a three-parameter 
family of solutions, labelled by ki, K2 and ci. 

Up to now, we have solved the equations of motions in the F-region. Actually one can reduce the 
above solutions to the ones for the L-region, the R-region, and the P-region if one do the following 
replacements: 

f{u) = fo /„(l-2/)-''M/=/o=-l for ^^<0 (81) 



giv) = go 



.9.(1 -2g)-^^ I, 



-1 



for w < 



(82) 



where &i,62 have been given in I|51I71() . H52I72|I and /o, go are constants. Taking into account of the 
continuous and invertible conditions on the metric, we are able to fix the values of 



/o = .90 = 1/2. 



(83) 



Actually, in order to simplify the expressions, we have use the continuous and invertible condition to fix 
the value of c^'s and a^'s. 

The metric Q is in the Rosen coordinates. In order to show that the incoming waves looks like the 
plane-waves, it is more convenient to write the metric in Brinkmann coordinates. In the incoming region, 
e.g. R-region (v < 0), the metric in the Brinkmann coordintes takes the form: 



ds — 2dx dx 



iJ,(x+) ^ + Hy{x^) Y.Y^+ H^{x+) J2 Zl I [dx+f 



i=l 



k=l 



i=l 

where x"*" is related to u through 
and 



-^'^du = dx+ 



H,, — 



-B 



-C 



d^e^ 
dx+^ 

dx+^ 



2M 



„2M 



{Buu + MuBu + B^) 
(Cuu + MuCu + Cl) 



(84) 
(85) 



It is straightforward to write down the explicit Brinkmann form of the metric corresponding to different 
CPW solutions. 
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3.2 Imposing the Junction Conditions 

The junction conditions are essential to make the sohitions obtained be physicaUy acceptable. The 
detailed discussions on the junction conditions can be found in 16 . The key points are 

(1) The metric must be continuous and invertible; 

(2) If the metric is C^, then impose the Lichnerowicz condition: the metric has to be at least . 
Otherwise, if the metric is piecewise C^, then impose the OS junction conditions flH) which require 



9iiv, ^9'^9i3,o, ^9'°9tj,o, (i,i7^0). (86) 



to be continuous across the null surface (note that "0" in the above formulae stands for u = or 
V = 0). From our ansatz on the metric, the OS condition means that U, V, M need to be continuous 
and Uu — across the junction at u = 0. The same happens at the junction v = 0. 

(3) The curvature invariants i?, R2 do not blow up at the junction. 

The first condition is natural to paste the solutions in different regions together. The second condition 
comes from the requirement that the stress tensor could be piecewise continuous instead of being contin- 
uous, namely the stress tensor may have finite jump but not (5-function jump across the junction, such 
that the Ricci tensor is allowed to be piecewise continuous. The third condition is from the requirement 
that the curvature invariants R and R2 should not have poles at the junction. 

In order to study the behavior of the solution near the junction, we assume that near junction, 

f{u) = h{l-diu^') u^{)+ (87) 

g(t;) =.9o(l-d2i;"^) v ^ {)+ (88) 

where n^, z — 1,2 are the boundary exponents. 

From the continuous condition on the metric and conditions H87I88|) . one has 

/o - .90 = 1/2 (89) 

and 

1 / 2 \ 

h, = \-—, — ] , i^l,2. (90) 

With the expansion H87I88|I . it is not hard to figure out the near junction behavior of the metric 
components. Near u ^ (same for u ^ 0), the most singular terms in the metric are: 

M„ - (u^-'^eaii^) + l.s.t}je{u) (91) 

Au - (u^-'^ei{i^) + l.s.t}je{u) (92) 

Bu - (u^-^e2{i^) + l.s.t)je{u) (93) 

Cu (u^-^e3{i^) + l.s.t}je{u) (94) 

where ei{v), i — 0, ■ ■ ■ ,3 are some nonzero functions of v and 0(u) is the Heaviside step function. ^ After 
imposing the condition (2) above, we have 



(1) 1 < Hi < 2 metric is piecewise 

(2) rii > 2 metric is at least piecewise C 



2 (95) 



^Actually, the detailed discussions on near junction behavior are quite similar to the ones in 1161 1191 so we just give out 
the final answer to save the space. 
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As the last step, we have to impose the condition (3) on R, R2. Now, one has 

R = 2e^'^u4'v + ■ -^DuD, —— + ■ —EuE, —— 96 

m + n + L J + 9 m + n + L J + 9 

from the Einstein equations and also 

i?2 - 2e^^'^Rl^ + 2e^^'RuuRvv + ne^^^^Rl^ + me'^^ Rly + le-^^Rj,. (97) 
From the near junction behavior of the metric and fields, one finds that near u ~ (same for v ^ 0), 

i?^uT^-i^i?2 (98) 

In order to keep i?, R2 from blowing up, one needs to ask rii > 2. 

Taking into account the constraints from all the junction conditions, we have the following physical 
possibilities : 

b, = l-— (99) 



(100) 



and 

(1) rii = 2 metric is piecewise 

(2) Hi > 2 metric is at least piecewise C 

This leads to the following relations 

i<5,;<l, i = l,2 (101) 

Let us turn to our solutions in the above section. From (|71I72|I . it is obvious that we have physical 
acceptable solutions since there are two free parameters ki,K2- Therefore, physical (/ ± g) solutions 
always exist. As for the (pqrw) type solution, from H51I52|I . the only trouble may comes from 6^ > 1, 
which could happen when 

> 1. (102) 
This is possible. One example is when a = —b and I — 1, which lead to 

7i + 72 (m + n + 1 ) + 4mn + m, + n 



a?'{m + n) + Amn 



(103) 



Since m,n are integers, the above relation must be bigger than 1. It seems that there may not exist 
physically acceptable {pqrw)-iy^e solution. Certainly, a case-by-case study is needed. One can hope that 
in general, there could exist (pqrw) type solutions. 

Next, we would like to consider the future singularity issue. In the various four-dimensional CPW 
solutions and higher-dimensional CPW solutions, it has been found that the future singularity is always 
developed pi 1^ 111)1 119j . We now show that it is the case here. Define a hyper-surface Sq: 

fiu)+giv)^0 (104) 

near which the metric may blow up or vanish. The singular behavior of the metric near Sq is easy to 
read out. From the fact that 

gZC ^ ^2U^nA-mB ^ ^ .g)2e-"^e-"^ , (105) 

we know that it is impossible to require the metric to be regular and invertible near Sq. In other words, 
the metric must be singular at Sq. To see that this singularity is not a coordinate singularity, let us check 
the curvature invariants R, R2, R4, whose most singular terms near 5*0 all take the form: 



e 



'^'if + 9)-'-if + 9r' (106) 
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where 

> 2l(ma + nb) 

/3 = 63 - 1 - ^ - si 1 - 2 1 - e ci - 65C1 - Ki + K2)— -■ 107 

a 

For the {pqrw)-type solution, with some efforts, one can get 

/3 < -1 - - {na'^ + mb^ + l{a ~ hf + (4mn + 3m? + inl)) < (108) 
a 

so the future curvature singularity will be developed. As for the (/ ± g)-type solution, the analysis on /3 
is quite involved but we believe that the same conclusion could be reached. 



4 Some Special cases 

In the above sections, we have worked on a quite general higher dimensional gravity theory with two 
fluxes and dilaton. The key point in this paper is the metric ansatz (jSJ. One interesting issue is to revisit 
the flux-CPW solutions in various special cases, with the metric Q. We will find that the CPW solutions 
in some cases could be reduced directly from the solutions we have obtained in the above section, while 
in other cases, we have to solve the reduced equations of motions independently. 



4.1 Case I: One-flux CPW solutions: 

The first case is to set b = 0, E = such that our theory reduce to the one-flux dilatonic gravity, which 
has been discussed thoroughly in ^H] under a different metric ansatz (0). In the CPW solutions of 
the four-dimensional Einstein-Maxwell-dilaton theory has been constructed. In our higher dimensional 
case, we have 

X = ac/j-V 
Y ^ W 

Z = -^((l + n)V -nW). 

The equations on X, Y, Z, D are easily reduced from (|3()I31I34I32(I . It is easy to find out the solutions to 
X, D, Z. However, in order to solve Y, one needs to introduce 

m + n + 1 V 4 m + n + l I 



which satisfy 



with the solution chosen to be 



w + p r + q 

Therefore, from the solutions K,X, one can get the solutions of Y. 
In terms of Z, K, X, we get the equation on S'y (same to Sg) 



{f + g)Kfg + l{Kf + Kg)^0 (110) 

w — p T — q 

K = K^log hK4log . (Ill) 



= Sf + {f + g) 



AnlZj {m + n + l)Xj 



Aln + a^{l + n) a^{m -|- n -|- /) -|- 4n(m + /) 



4:{n + m + l^Kl 
+ 1 



[Aln + a?{l + n)][a^{m + n + I) -\- An{m + l)]m 
In this case, the solutions to X, D could be {pqrw)-type as in (|44I45|I with 



le^D'f (112) 



1 2 u{m + n + l) 

ci = 1, 7i = -T7 7^ ;t (113) 

^ a^{m + n + l) + 4:n{m + l) ^ ' 
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or (/ ± g)-type as in Ht)tilfci5|l with 

7^ 8(m + n + l) 



c\ a^(m + n + ^) + 4n(m + /) 
Then in a straightforward way we get the same form of S as (15017011 but with 



(114) 



^ \nlm\(p-(m, + n + /) + 4n(m + + 4(n + m + /)2k§ + em(TO + n + Z)[4Zn + a^(/ + n)] 

\\ln + a2(Z + n)][a^(m + n + Z) + 4n(m + /)]m 
^ 4n/TO[a^(r7i + n + + 4n(TO + Z)]k2 + 4(n + m + O^^l + £m{m + n + Z)[4Zn + a^(Z + n)] (hq) 

^ ~ [4;n + a2(Z + n)][a2(m + n + Z) + 4n(m + /)]m 

4nl{Ki + K2)^ 4{n + m + l)^{K3 + Ki)^ (m + n + 0(4(1 - e)c? + 1) 



&3 - 

b4 = 



Aln + a2(Z + n) [Aln + 0^(1 + n)\[a?{m + n + I) + An{m + iy\m a?'{m + n + /) + An{m + /) 
8n/m[a^(m + n + + 4n(m + Z)]^i'^2 + 8(r7, + m + 0^'*3«^4 
[4/n + a2(/ + n)][a2(m + n + + An{m + Z)]to 
4(to + n + 



'•'^ "'"''a2(m + n + /) + 4n(m + 



Here 



1, for (p(jrii;)-type solution (^^'7\ 
0, for (/ ± g)-type solution 



Similarly, we have metric components and dilaton field as 
e-'' = /„g„[(l-2/)(l + 2g)]-''M(l + 2/)(l-25)]-''M/ + 5)-'-^-'+' 

2laZ 



e 



where 



X [1 + Afg + Apqrw] 



-&5 

-64 ■ 



cosh ( ci log — ^ 



e 



4Zn + a2(Z + n) 



e"^ = (/ + g)e--^+"-^exp( ^, ^n^af ^^^^^ 



\Aln + a'^{l + n) 

mB ^ if + g)e-''^+''''^ (120) 
e'^ = ^-exp|-— i^;^) (121) 



4/n + a2(/ + n) 

4nZZ 
4/n + a2(Z + n) 



and 



_ 2(m--«+i) 2(m + n + Z)[(to ~ / ~ n)a'^ - Aln] 



a^(m+n+0+4«(m+i)' 1 [Aln + a'^ {I + n)][a'^ (m + n + I) + An{m + l)]m 

A{m + n 
"^{l + n)][a'^(m 
A{m + n + l) 



^ 4n(m+i) ^ A{m + n + l)a'^n 

«2 a2(m+„+o+4«(m+0' "2 [4Zn + a2(Z + n)][a2(TO + n + /) +4n(m + /)] ' 



«3 a-(m+n+i)T4«(m+i)' «3 a2 (m + n + + 4n(m + ^^^^^ 

^ -4„i „ ^ A{m + n + l)l{a^ + An) 

4 a2(™+„+0+4n(m+0' 4 [4;^ + ^2 + [^2 + „ + 4„(^ + 

^ ajni+n+i) ^ Aan{m + n + l) 

«^('n+"+0+4«(rn+i)' «5 [4^^ + fl^ (^ + n)] [a2 (m + n + + 4n(m + Z)] 



_X J rw—pq ' 



for (pqrz«)-type solution 
(/ + 9) cosh^ (ci log -f^^ for (/ ± 5)-type solution 



(128) 
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and K is of the form Hlll|) , Z is of the form (|35|) . 

In short, we have a four-parameter family of the (pqrit;)-type sohitions labeUed by ki,K2,k^, and 
a five-parameter family of the (/ ± g)-type solutions labelled by ki, K2, K3, K4 and ci. 

In order to get the physical solutions, we impose the junction conditions which similarly leads to 
Tii > 2, or equivalently, 1 > hi > 1/2, for i = 1,2. As before, the (/± g)-type solution exist anyway. The 
only trouble in {pqrw)-tyi>e solutions may come from 

™ + " + ^ >1. (129) 



a2(m -I- n -I- /) -I- 4n(m + I) 

It is not difficult to see that this is impossible since the L.H.S. of the above relation is always less than 
1. Therefore, in the one-flux case, we can always have two classes of dilatonic flux-CPW solutions. 

In the same way, one can study the future singularity of these solutions. Near 6*0 : / -|- 17 = 0, the 
metric is always singular. And the most singular terms in the curvature invariants are all of the form 

+ with 

;3 = 63 - 1 - <5 - si(l - 2(1 - e)ci) - 65C1 - (aci + 1^2) ,, , , (130) 

We have proved that /3 is negative for both types of solutions. This indicates that the future curvature 
singularity is unavoidable. 

Furthermore, if one turn off the dilaton, one gets a very interesting case. Now we have a = 6 = 0, = 
0,E = and so Z = 0. The reduction of the equations of motions is simple: just let a = and Z = in 
the above discussions. And the solutions of the equations and the metric components could be obtained 
by setting ki = K2 = and a = 0. We will omit the details here. The answer looks simpler. Imposing the 
junction conditions lead to the same conclusion, namely we have well-defined physical pure-flux-CPW 
solutions: a two-parameter family of the {pqrw)-type solutions labelled by K3, K4 and a three-parameter 
family of the (/ ± g)-type solutions labelled by K3,K4 and ci. Similarly, the discussion on the future 
singularity follows directly and reach the same conclusion. 

There are two remarkable solutions in the pure flux case without dilaton. Firstly, we can have 
physical CPW solutions in the higher-dimensional Maxwell-Einstein gravity. Now the flux is a two form, 
being the field strength of the U{1) gauge field. So n = 1 but we have no constraints on the number 
m, Z of other dimensions. Therefore with metric Q, there exist not only the physically well-defined 
higher-dimensional BcU-Szekeres {pqrw)-type solutions (see also ^31) but also wcU-de&ied {f ± g)-type 
solutions. When m + I = 1, the {pqrw)-type solution reduce to the well-known BcU-Szekeres solution in 
four dimension. Secondly, we can have flux-CPW solutions in the eleven-dimensional supergravity theory 
which has no dilaton. This corresponds to n = 2, to -|- / = 7. In |16|. with the metric ansatz (0), we 
noticed that the above two flux-CPW solutions were impossible and the only pure flux-CPW solutions 
was four-dimensional BS solution. Now we show that with the metric ansatz (jSJ, the higher-dimensional 
flux-CPW solutions without dilaton are possible. This indicate that in higher- dimensional gravity theory, 
the CPW solutions have more rich structure. 



4.2 Pure Dilatonic CPW solutions 

If we set a = 6 = 0, D = E' = 0, we have the pure dilatonic gravity theory. After the reduction of the 
equations of motions, we have X — ~V, Y — W and Z = and three decoupled equations 

if + 9)Xfg + liXf+Xg) = 

{f + 9)yfg + liyf+Yg) = 
{f + g)Zj, + ^iZf + Z,) = 0. 
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For simplicity, we choose the solutions to the above equations to be of the Khan-Penrose-Szekeres type, 
i.e. 



X = 


K3 log 


w — p 


h Ki log 




' w + p 




Y = 


K5 log 


w ~ p 


h Kq log 






' w + p 




Z = 


Kl log 


w ~ p 


h K2 log 






' w + p 





r — q 

r + q' 
r — q 
r + q' 
r — q 



r + q 

Then the metric components and the dilaton field are of the forms: 

e-'' = /„5.[(l-2/)(l + 25r''M(l + 2./)(l-25r''^(/ + 5)-'^-'+' 

X [1 + 4/5 + Apqrw]-'' cxp{-|- - |-} (131) 

e"^ = (/ + .g)e-^ (132) 

e"^ = (/ + .9)e^^ (133) 

e'^ = e^+^ (134) 

= (135) 



where 



^3 = ^(^ 4n + 4m + + (-i + -2) j (138) 

6, = + ^ + + «5)(/.4 + «6) ^ ^^^^^ ^^33) 

Now we have a six-parameter family of the solutions labelled by k^, i = 1, • • • , 6. 

As before, the junction conditions require that 1 > h > 1/2, i = 1,2, which could be easily achieved. 
Also the metric is singular at Sq. And the curvature invariants have singular terms (/ + .g)^^ near Sq, 
where 

2n 2m 

= -1--^(k3 + '«4-1)'-7^(k5 + '«6-1)' <0 (140) 
4n Am 

Therefore, it is impossible for the solution to avoid the singularity in the future. 

In this case, if we set = 0, we have the pure gravitational CPW solution, which could be reduced 
from the above solutions in a direct way. In (12| . the higher even dimensional pure CPW solutions have 
been constructed. The solutions take a quite similar form as (|131() . Our solutions exist in any higher 
dimensions. 



4.3 Two-flux CPW solutions without dilaton 

If we set a = b — 0,(j} = such that the dilaton field is turned off, we obtain a gravity theory without 
the dilaton. Now we have X = —V,Y = W and Z = 0. The equations on X,Y,D,E take the same 
form. Therefore, the solutions could be read from H55I58|I and (|76I79|) directly by setting a ~ b ^ 0, ki ~ 
K2 = 0. The imposition of the junction conditions and the discussion of the future singularity follow in a 
straightforward way. 



15 



5 Discussions and Conclusion 



In this paper, starting from the metric 0, we tried to construct the colhding plane wave solutions in a 
higher dimensional gravity theory with the dilaton and the fluxes. We find that in general we have two 
classes of well-defined physical solutions after imposing the junction conditions. Of particular interest is 
the one-flux case without the dilaton field. In this case, we obtain the higher dimensional BcU-Szekeres 
solutions in Maxwell-Einstein gravity and also flux-CP W solutions in IID supergravity theory. Our 
discovery of the well-defined pure flux-CPW solutions in higher dimension indicate that the flux-CPW 
solutions is more intricate since there are more degrees of freedom in the metric. One may try to find 
more CPW solutions from a more generic metric ansatz. 

One interesting point is that in our discussion we limit ourselves to two restricted classes of solutions. 
It must be possible to consider other kinds of solutions in our context. 

Another point is that the initial background is important to the formation of the singularity. So 
naively one can try to study the CPW solutions in AdS or dS spacetime. In the Anti-de Sitter spacetime, 
the study may shed light on the AdS/CFT correspondence. And in the de Sitter spacetime, the study 
may have some cosmological implications, if there do exist a positive tiny cosmological constant. 
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A Riemann and Ricci tensors 

With the metric ansatz We have Ricci tensor 



Rvv 
Ruv 

Ryy 

Rzz 



nAuu + mBuu + ICuu + nM^Au + mMuB^ + IMuCu + ^{nAl + mBl + ICl) 
nA.„, + mB^y + IC\,„ + nM^A,, + mM^By + IMyCy + ^{nAl + mBl + ^C'i?) 



n Tn I 1 



1 

( 

2 
1 



.M+A 



M+B 



M+C 



TTl I 

ft I 

2BuV + rriBuBy + —{AuBy + AyBu) + -{BuCy + ByCy) 

71 in 

'^CuV ~^ IB^By + ~{^AyCy + AyC u) H ^{BuCy + ByCu 



(141) 
(142) 
(143) 
(144) 

(145) 
(146) 



where x — Xi with i = 1, ■ ■ ■ y = yj with j = 1, • • • , m and z — Zk with k — 1, ■ ■ ■ ,1. And also we have 
the independent non-vanishing components of the Riemann tensor as following: 



Ruvuv 
Ruxvx 

Rvxvx 

Ruxux 

Ruyvy 



-e^'Muy 

'S^i'^Aiiy + —Ay^Ay) 
-e^i^Ayy + ^MyAy + ^ ) 

-e'^ilAuu + ^MyAu + ^Al) 



,1 



e { — Buy + —ByBy) 



(147) 
(148) 

(149) 

(150) 

(151) 
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Ryyvy 


-e^i-Byy + -MyBy + -Bl) 
2 2 


(152) 


ft ,y u-y 


-e^i-Buu + -MuBu + --B,^) 


(153) 






(154) 




-e^'i-Cuu + -MuCu + -Cl) 


(155) 


D 


-gCfic',,,, + -M„C„ + -C^) 


(156) 






(157) 


D 

zx z 


^ \ •-t' '-' U ^ LL J 


(158) 


.V ,y 


Ae^+B+c^CuB^ + CM 


(159) 


D 

^XiX^/ X%Xj^f 


_1 M+2A . 4 /./•/-) 

2 It ; \ 7 / 


(160) 


^VjVj'VjVj' ~ 




(161) 






(162) 



Also, we have 

g2M 

Ri = — (l6Mi + MAuuAl + A^yAl + M^A^Al + M^A^Al) 

+4miBuuBl + B,,Bl + M^B^B^ + M^B^BI) + Al{CuuCl + C^C^ + M^CuCl + M^C^Cl) 
+2nlAuCyA^Cu + 2mnAuByA^Bu + 2mlB^C^B^Cu + 2m(m + 1)BIbI + 2n(n + l)AlAl + 2l{l + l)ClCl 

+ MyAyAuU + MuAuMyAy) 

+8ni{BuyBuBy + B'^^ + B^^Bw + M^B^B^y + B^B^Buu + MuBuM^B^) 

+nm{AlBl + B^Al) + nl{AlCl + C^^^^) + m/(C„2B^ + B^^C^)) (163) 
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